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This paper continues the investigation of the arithmetic of the curves
CA: y2=xa+A and their Jacobians JA, where a is an odd prime and A is an integer
not divisible by a, which was begun in an earlier paper. In the first part, we sketch
how to extend the formula for the dimension of a certain Selmer group of JA to the
case when A is a (non-zero) square mod a. The second part deals with the L-series
of JA. We determine the corresponding Hecke character and find a formula for the
root number of the L-series. This formula is then used to show the ‘‘Birch and
Swinnerton–Dyer conjecture mod 2’’
ords=1 L(JA, s) — rank JA(Q) mod 2
for those A that are covered by the result of the first part, assuming the a-part of
I(Q, JA) to be finite. © 2002 Elsevier Science (USA)
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1. INTRODUCTION
This paper continues the investigation of the arithmetic of the curves
CA: y2=xa+A (1)
with a an odd prime and A an integer not divisible by a, which was begun
in [12]. In that paper we proved a formula for the dimension of the
(1−za)-Selmer group of JA, the Jacobian of CA, over K=Q(za), under
some conditions on A, one of which was that A is a non-square mod a. In
the first part (Section 2) of the present paper, we sketch how to eliminate
this condition. This extension of the result was announced in a ‘‘note added
in proof’’ in [12]. The reader should be warned that they may need to
consult [12] in order to understand the proofs, since we only give the
necessary modifications here. The result itself (Theorem 2.1) and its con-
sequences in the two cases a=3 and a=5, however, are given with all the
necessary definitions. Basically, it says that
dimFa Sel
(1−za) (K, JA)=da(A)+2ca(A),
where da(A) is about (a−1)/4 and depends only on A mod a2 and the sign
of A, whereas ca(A) depends on the Galois module structure of the
a-torsion in the class group of L=K(`A). This Selmer group dimension
provides an upper bound for the Mordell–Weil rank of JA over Q and
determines its parity when the a-part of the Shafarevich–Tate group
I(Q, JA) is finite.
The second part (Section 3) deals with the L-series of CA (or JA). It is
known, see, for example, Milne [8], that this L-series coincides with the
L-series of a certain Hecke character for K. We determine this Hecke
character (this is done on a fairly elementary level) and find a formula for
the sign in the functional equation (or root number) of the L-series, see
Theorem 3.2. This includes the determination of the conductor and there-
fore the set of primes of bad reduction for JA and CA, see Proposition 3.3
and Corollary 3.3. These results are valid for any A not divisible by a. This
second part is completely independent of the first part and of [12].
In a short concluding section (Section 4), the formula for the root
number is then used to show that the order of vanishing of L(JA, s) at s=1
and the Mordell–Weil rank of JA over Q have the same parity (under the
assumption thatI(Q, JA) has finite a-part) for those A that are covered by
the main result of the first part. This verifies a weak form of the Birch and
Swinnerton–Dyer conjecture, which predicts that these two numbers are
actually equal.
Let us set some notation common to all three parts of this paper.
We fix an odd prime a. The curve CA is defined by Eq. (1) above; more
precisely, CA denotes the non-singular projective model over Q of the affine
curve (1). Since the curves CA and Cu2aA are isomorphic, we can and will
assume that A is an integer not divisible by the 2ath power of any prime. In
order to avoid technical complications, we also assume that A is not divi-
sible by a. We then define qa(A)=(Aa−1−1)/a ¥ Z and
da(A)=˛1 if a | qa(A),
−1Aqa(A)a 2 otherwise.
Note that da only depends on A mod a2.
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We let z=za be a primitive ath root of unity and K=Q(z). The Jaco-
bian of CA is denoted JA; its endomorphism ring is OK=Z[z], the ring of
integers in K; the endomorphisms are defined over K. There is a unique
(and totally ramified) prime ideal of OK that lies over a; it is generated by
l=1−z.
2. EXTENSION OF THE RESULTS ON SELMER GROUPS
Our first goal in this paper is to extend the main result of [12]. We first
recall some more notation from [12]. We let L=K(`A) and
C=ker(NL/K: Cl(L)[a]Q Cl(K)[a]),
where Cl denotes the class group. The Galois group G=Gal(K/Q) 5 F ×a
acts on C, and we let cn=ca, n(A) denote the Fa-dimension of the wn-eigen-
space, where w is the cyclotomic character.
Define
da(A)=3 K14 (a−1)L, A > 0
N14 (a−1)M, A < 0
4+˛ 0, da(A)=+1
(−1) (a−1)/2 sign A, da(A)=−1
=!a−1
4
"−1−1
sign A
a
2
2
+1 −1a 2 1−da(A)2 sign A
and
ca(A)=˛ Ca−1n=(a+1)/2 ca, n(A), if da(A)=+1
ca, (a−1)/2(A)+ C
a−1
n=(a+3)/2
ca, n(A), if da(A)=−1.
Note that da(A) only depends on A mod a2 and on the sign of A.
Recall that there is an exact sequence involving the Selmer and
Shafarevich–Tate groups,
0Q JA(K)/lJA(K)Q Sel (l)(K, JA)QI(K, JA)[l]Q 0
and that we have rank JA(Q)=dimFa JA(K)/lJA(K) if A is not a square in
Q, compare the proof of Corollary 4.1 below. In particular, the dimension
of the Selmer group given in the theorem below provides a bound for the
rank of JA(Q).
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The result we want to prove is as follows.
Theorem 2.1. Let A be a 2ath power free integer not divisible by a that is
not a square in Q. For a prime p, write vp(A) for the p-adic valuation of A
and let Ap=A/pvp(A). Assume the following.
(1) One of the following conditions holds.
(a) v2(A) is odd;
(b) v2(A)=2a−2;
(c) A2 — 3 mod 4;
(d) A2 — 5 mod 8 and 2 has odd order in F ×a .
(2) For all odd p dividing A, one of the following conditions holds.
(a) vp(A) is odd;
(b) (Ap/p)=−1 and p has odd order in F
×
a .
Then the dimension over Fa of the l-Selmer group is given by
dimFa Sel
(l)(K, JA)=da(A)+2ca(A).
The case (Aa)=−1 was dealt with in [12]. In Section 2.1 below, we will
state the modifications necessary to cover the case (Aa)=+1.
Remark 2.1. (1) Note that the density of the set of integers A satisfy-
ing the hypotheses of the theorem is now twice as large as the value given
as ra in [12, p. 172]. This means that more than 40% of all integers are
covered, and if a is large enough, even more than half of them (and up to
more than 75% in favorable cases).
(2) If one wants to compute the Selmer group dimension for some
specific value of A, one needs to find the eigenspace dimensions cn(A).
There are several computer algebra systems for number theory that make it
possible to find generators for the class group and thence for its a-torsion
part. Applying a generator of the Galois group to (representatives of) these
generators, one obtains the necessary data to find the eigenspaces. Some
simplification is possible by the observation that one can find parts of the
class group already in subfields of Q(z,`A): as an example, note that
ca, 0(A)=dimFa Cl(Q(`A))[a].
See the corollaries below for more examples.
For the convenience of the reader, we state the extended results in the
cases a=3 and a=5 (see Corollaries 2.1, 2.2, 3.1, and 3.2 of [12]).
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Corollary 2.1. Let EA be the elliptic curve y2=x3+A over Q with A
satisfying the assumptions in Theorem 2.1 for a=3. Then the F3-dimension of
the Selmer group Sel(1−z3)(Q(z3), EA) and hence a bound on the rank of
EA(Q) is given by
1+2 dimF3 Cl(Q(`A))[3] if A — 1, 2, 4 or 8 mod 9 and A > 0,
2 dimF3 Cl(Q(`A))[3] if A — 1, 2, 4 or 8 mod 9 and A < 0,
2 dimF3 Cl(Q(`−3A))[3] if A — 5 or 7 mod 9 and A > 0,
1+2 dimF3 Cl(Q(`−3A))[3] if A — 5 or 7 mod 9 and A < 0.
Corollary 2.2. Let JA be the Jacobian of the curve of genus two over Q
given by the equation y2=x5+A with A satisfying the assumptions in
Theorem 2.1 for a=5. Let
c5, 0(A)=dimF5 Cl(Q(`A))[5], c5, 2(A)=dimF5 Cl(Q(`5A))[5]
and c5, 3(A)=dimF5 (Cl(Q(`−At))[5])(3), where t=(5+`5)/2. Then the
rank of JA(Q) is bounded by
2+2c5, 0(A)+2c5, 2(A) if A — ±2, ±4, ±6 or ±12 mod 25 and A > 0,
2c5, 0(A)+2c5, 2(A) if A — ±2, ±4, ±6 or ±12 mod 25 and A < 0,
1+2c5, 0(A)+2c5, 3(A) if A — ±1, ±3, ±7, ±8, ±9 or ±11 mod 25.
In particular, if A is negative and satisfies A — ±2, ±4, ±6, ±12 mod 25
and 5 does not divide the class numbers of the imaginary quadratic number
fields Q(`A) and Q(`5A), then JA(Q)=0 (and therefore, the equation
y2=x5+A has no finite rational solutions).
As a consequence of this last result, there are also more values of A for
which we can now prove that (for a=5)
I(Q, JA)[2] 5 Z/2Z×Z/2Z;
the first few ‘‘new’’ values are A=−21, −46, −54 and −94.
If we keep the assumptions in Theorem 2.1, with the exception that we
now require A to be a square in Q, then the only possible value of A is
A=22a−2. Our proof can be modified to produce a similar result in this
case. This result is a special case of Faddeev’s results [1] for Fermat quo-
tients (see also [4]). It is as follows.
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Theorem 2.2. Let A=22a−2. Then we have rank JA(Q)=0 if a=3.
If a \ 5, define da(A) and ca(A) as before (with C replaced by Cl(K)[a]).
Then
rank JA(Q)+dimFa I(K, JA)[l]=da(A)+2 ca(A)−2.
In particular, the Mordell–Weil group of JA over Q is finite (of order a)
for a [ 11.
Proof. The following sketch refers to the proof of Theorem 2.1 given
below in Section 2.1.
The difference of 2 comes from two sources. First, we have non-trivial
l-torsion in JA(Q), which lets the result drop by one (see the proof of [12,
Corollary 1.2]). Second, E, which has to be replaced by O ×K /(O
×
K )
a, has an
w1-eigenspace instead of an w0-eigenspace. Since for a \ 5, there is a con-
tribution from n=0, but none from n=1 in the result corresponding to
[12, Proposition 5.2], the result drops again by one. (For a=3, the con-
tribution is from n=1=12 (a−1), hence we must add one in this case,
which leaves the end result at d3(A)+2 c3(A)=0.) L
This implies that for a [ 11, the only rational points on y(1−y)=xa
(which is isomorphic to C22a−2) are the point at infinity and those with
x=0. This in turn implies that the only rational points on xa+ya=1 are
the obvious ones.
2.1. Proof of Theorem 2.1
Since the case (Aa)=−1 has been dealt with in [12], it will be sufficient to
exhibit the modifications that are necessary in order to make the proof
work when (Aa)=+1 (and A is not a square in Q).
We will use the notations of [12] freely. In particular, the definitions of
E, Q, U, Hl and Jl appearing below can be found there.
Recall the basic setup we had in the case (Aa)=−1. Let S=Sel
(l)(K, JA).
Then we have an exact and commutative diagram
0 0
‡
S U
‡
0ŁEŁ Q |ŁC|Ł 0
‡resl
0ŁJlŁdl HlŁCokerŁ0
(2)
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There is a perfect G-equivariant pairing U×CQ ma and an alternating,
perfect and G-equivariant pairing Hl×Hl Q ma such that dl(Jl) …Hl is
maximal isotropic. Furthermore, Hl is isomorphic to the regular represen-
tation of G over Fa. These facts, together with information on the action of
G on E and on Jl, led to the proof of Theorem 1.1 in [12].
If we take
Hl=ker(NLl/Kl : L
×
l /(L
×
l )
aQK ×l /(K ×l )a),
where Ll=L éK Kl ( 5Kl×Kl when (Aa)=+1), then (2) is still a commu-
tative and exact diagram when (Aa)=+1, provided we replace U with
UŒ={a ¥H | L( a` a)/L is unramified and is split at the places above l}.
Furthermore, we still have the perfect, alternating and G-equivariant
pairing Hl×Hl Q ma, and the image of Jl is still maximal isotropic.
The main obstacle against the proof going through in the same way as
before is that Hl as a G-module is no longer isomorphic to the regular
representation—we now have Hl 5K ×l /(K ×l )a, which is a little bit larger.
There is a natural filtration
0 …Hunrl …Hunitl …Hl.
The bottom part, Hunrl , consists of the elements u that give rise to an
unramified extension of Kl when adjoining a` u; this is a one-dimensional
Fa-vector space generated by the class of 1+la. The next step, H
unit
l , is the
image of O ×Kl in Hl; the quotient Hl/H
unit
l is again one-dimensional and
generated by the image of l. By a standard result of Local Class Field
Theory, the Hilbert norm residue pairing Hl×Hl Q ma induces a perfect
pairing between Hunrl and Hl/H
unit
l . We let
H˜l=H
unit
l /H
unr
l ;
this is the middle piece of the filtration above. Then the norm residue
pairing induces again an alternating, perfect, G-equivariant pairing
H˜l×H˜l Q ma.
Furthermore, it is easy to see that H˜l is again isomorphic as a G-module to
the regular representation over Fa.
Lemma 2.1. The image of Jl in Hl contains H
unr
l and hence is contained
in Hunitl .
We defer the proof until later. Assuming the lemma to be correct, we can
replace Hl by H˜l, Jl by J˜l, its image in H˜l, and UŒ by U with its original
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definition in the diagram (2) without affecting commutativity and exact-
ness. Given this, the proof of [12, Proposition 5.1] goes through in exactly
the same way as before. Hence we have
dimFa S=dimFa J˜
sign(A)
l +2 C
n: J˜(n)l ] 0
cn. (3)
What we still need is a proof for the lemma above and a suitable
generalisation of [12, Proposition 5.2]. Both are somewhat related.
As a first step, we have to make the isomorphism of Hl with
R=K ×l /(K
×
l )
a explicit. By its definition, Hl={(u, v) ¥ R×R | uv=1}. We
use the isomorphism
Hl Q R, (u, v)W uv−1;
its inverse is given by uW (u (a+1)/2, u−(a+1)/2).
Let a be a square root of A in Kl. Then y−`A maps to (y−a, y+a) in
Hl and hence to (y−a)/(y+a)=−(1−y/a)(1+y/a)−1 in R. So, if
y= C
j \ (a−1)/2
ajp j
(recall that p ¥Kl satisfies pa−1=−a), then the image in R is
D
a
j=(a−1)/2
(1+p j)−2aja
−1+bj
with bj=0 for j < a−1 and bj=0 for all j when a(a−1)/2=0. Looking at
the proof of Proposition 5.2 in [12, Sect. 6] (and taking a power of p one
higher than the highest one used there), we see that in all cases, we get a
non-trivial power of 1+pa in the image. This proves the first part of
Lemma 2.1. The second part follows, since the image of Jl is isotropic and
Hunitl is the annihilator of H
unr
l with respect to the norm residue pairing.
Now we can replace Hl with H˜l, and then the proof of [12, Proposi-
tion 5.2] goes over almost verbatim; we only have to notice that the rele-
vant expression for the case distinction is now da(A). We finally get
J˜l=˛ Âa−1n=(a+1)/2 J˜ (n)l , if da(A)=+1,
J˜ ((a−1)/2)l À Â
a−1
n=(a+3)/2
J˜ (n)l , if da(A)=−1,
(4)
and all these eigenspaces are one-dimensional.
Together, (3) and (4) immediately imply Theorem 2.1.
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3. THE L-SERIES
As we have seen in [12], the Jacobian JA has complex multiplication
with K, defined over K. A possible CM type for JA is {s1, s2, ..., sg}, where
as usual sk: KQ C is the embedding sending z to e2pik/a and g=12 (a−1) is
the dimension of JA. This is shown in [6, Sect. 1.7] (note that over C, CA is
isomorphic to va=u(1−u)), where it is also shown that this CM type is
simple, which by [6, Theorem 1.3.5] implies that JA is absolutely simple.
Now, by [8, Theorem 4], we have
L(CA, s)=L(JA, s)=L(gA, s), (5)
where gA is some Hecke character of K (the set S/G in [8] has only one
element here). See also [11, Theorem 20.9], where this is proved up to the
factors corresponding to primes of bad reduction.
Our goal in this second part is to identify the Hecke character gA. Since
the characterisations given in the literature are not very well adapted to
explicit computations, we have chosen an indirect approach—we simply
find an gA such that its L-series matches that of CA at almost all primes.
Since such a character is uniquely determined by its behaviour at almost all
primes, this will be sufficient.
We will use the language of Größencharakters as developed for example
in Neukirch [9, VII.6], since it is more elementary than the adelic version,
but sufficient for our needs.
Results similar to ours, but for Jacobians of Fermat quotients, have been
obtained by Gross and Rohrlich [4].
3.1. Notations
We view K as embedded into C via s1, i.e., we take z=e2pi/a. If F is
some finite field of odd characteristic, we denote by r=rF the quadratic
character on F × (with the usual convention r(0)=0). If #F — 1 mod a, we
let q=qF denote a character of exact order a. We have the usual Gauss sum
g(k)=C
a ¥ F
k(a) zTr(a)p
for any multiplicative character k of F, where p is the characteristic of F
and Tr is the trace from F to Fp. We fix its value in C by identifying zp with
e2pi/p. For two characters k1, k2, we define (following [7, p. 4]) the Jacobi
sum as
J(k1, k2)=− C
a ¥ F
k1(a) k2(1−a).
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We let O=OK be the ring of integers in K=Q(z). Let n ¥ {2, a, 2a}. If
p … O is a prime ideal not dividing n, we have the nth power residue symbol
(compare [5, Sect. 14.2])
1a
p
2
n
¥ m(K) 2 {0}
defined for a ¥ O0p by the properties
1a
p
2n
n
=1 and 1a
p
2
n
— a (Np−1)/n mod p.
It is defined to be zero for a ¥ p. Here, Np is the ideal norm of p, i.e.,
Np=#(O/p). These symbols are extended to all non-zero integral ideals
prime to n by multiplicativity and then to elements (in the ‘‘denominator’’)
by using the corresponding principal ideal.
If p … O is a prime ideal not dividing a, we define as in [5, Sect. 14.3]
qp: OQ O/pQ C, aW 1ap2a=1ap2
a−1
a
.
We also consider qp as a multiplicative character on F=O/p. In this case,
rF is also denoted rp. More generally, we will use the notation rm to
denote a character on O of order 2 and conductor m. Similarly, qm will
denote a character of order a and conductor m. Unless defined otherwise,
we will take qm(a)=(
a
m)
a−1
a .
Recall that l=1−z and that (a)=(l)a−1 in O.
An element a ¥ O is called primary if there is an integer n ¥ Z prime to a
such that a — n mod l2. Then for every a prime to l there is a unique ath
root of unity ql2(a) such that ql2(a) a is primary. ql2 is obviously a charac-
ter of conductor l2 and order a.
We list some properties of Jacobi sums and power residue symbols.
Lemma 3.1. For every p h a, we have (with p the prime below p)
(1) J(qp, qp)sk=J(q
k
p, q
k
p)=J(qpsk , qpsk);
(2) J(qpp, q
p
p)=J(qp, qp);
(3) |J(qp, qp)|=(Np)1/2;
(4) J(qp, qp) — 1 mod (l2).
(5) Let F be a finite field with #F — 1 mod 2a, and let E/F be a finite
extension. Let qF be a multiplicative character of order a on F, and let
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qE=qF pNE/F. Let rF and rE be the quadratic characters of F and E,
respectively (then rE=rF pNE/F). For all a ¥ F, we have
rE(a)=rF(a)[E : F] and qE(a)=qF(a)[E : F].
Furthermore,
J(qE, qE)=J(qF, qF)[E : F].
Proof. (1) Obvious. (2) Use the Frobenius automorphism on O/p. (3)
Well known. (4) It is easily seen that g(qkp) — −1 mod (l) in Z[z, zp].
Write J(qp, qp)=−g(qp)2/g(q
2
p) and use that g(q
2
p)=g(qp)
s˜2, where s˜2 is
the extension of s2 to K(zp) that leaves zp fixed. Note also that ls2 —
2l mod l2. (5) The first two statements are clear, since NE/F(a)=a[E : F].
The third statement is a consequence of the Hasse–Davenport relation, see
for example [5, Sect. 11.4]. L
In the following, N denotes the norm from K to Q.
Recall that for n ¥ Z such that a h n, we have defined qa(n)=
(na−1−1)/a ¥ Z. It is not difficult to see that qa induces a homomorphism
(Z/a2Z) × Q Z/aZ.
Proposition 3.1. Let a ¥ O, a … O an ideal, m, n ¥ Z such that the
symbols appearing below are defined.
(1) 1n
a
2
2
=1 n
Na
2 and 1a
n
2
2
=1N a
n
2 .
(2) 1m
n
2
2
=1 and 1m
n
2
a
=1.
(3) (Eisenstein reciprocity law) 1a
n
2
a
=1n
a
2
a
if a is primary.
(4) 1n
a
2
a
=1ql2(a) a
n
2
a
=ql2(a)qa(n) 1an2a.
(5) 1l
n
2
a
=zqa(n)(a+1)/2.
Proof. (1) Without loss of generality, a=p is prime. Then by definition
(np)2 — n
(Np−1)/2 mod p and ( nNp) — n
(Np−1)/2 mod Np, from which the first
formula immediately follows. We claim that the second formula holds
analogously for all finite Galois extensionsM/L in place of K/Q. Then by
induction, it suffices to prove it (with n replaced by a prime ideal p of L) in
the three cases that p is totally ramified, totally split, or inert in M. For
each of these cases, the proof is easy.
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(2) The first formula follows from (1), since N n=na−1 is a square
for n ¥ Z. In the second formula, the left hand side is fixed under the action
of G and is an ath root of unity, so it must be 1.
(3) See [5, Chap. 14].
(4) We have (n/a)a=(n/ql2(a) a)a, and ql2(a) a is primary. The
claim then follows from (3). Note also that (z/n)a=zqa(n).
(5) We observe that l¯=−z−1l. We therefore get
1l
n
2−1
a
=1 l¯
n
2
a
=1 −z−1
n
2
a
1l
n
2
a
=z−qa(n) 1l
n
2
a
.
This means that (ln)
2
a=z
qa(n), whence the claim. L
3.2. Reduction mod p
Our goal in this subsection is to determine the Euler factor LA, p for the
L-series of CA for almost all primes p. We define LA, p ¥ Z[X] by the Euler
product decomposition
L(CA, s)=L(JA, s)=D
p
LA, p(p−s)−1.
It is clear that our model of CA has good reduction at p when p h 2aA. We
will assume that p satisfies this condition throughout this subsection.
By the definition of the L-series, we have
LA, p(X)=exp 1 C.
n=1
(pn+1−#CA(Fpn))
Xn
n
2 . (6)
The following lemma tells us how to compute #CA(F) for a finite field F.
Lemma 3.2. Let F be a finite field of characteristic p with p h 2aA. Let
q=#F. Then
#CA(F)=˛q+1 if q – 1 mod a,
q+1− C
a−1
j=1
r(A) q j(4A) J(q j, q j) if q — 1 mod a,
where in the latter case, r and q denote multiplicative characters of F of
orders 2 and a, respectively.
Proof. Suppose first that q – 1 mod a. Then every element of F has a
unique ath root in F. Hence for every y ¥ F, there is a unique x ¥ F such
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that y2=xa+A. Together with the point O at infinity, we get q+1 points,
as claimed.
Now suppose q — 1 mod a. Then we have (the summation indices r, s, u, v
run through F)
#CA(F)=1+ C
u=v+A
#{y ¥ F | u=y2} #{x ¥ F | v=xa}
=1+ C
u=v+A
(1+r(u))(1+C
a−1
j=1
q j(v))
=1+ C
r+s=1
(1+r(A) r(r))(1+C
a−1
j=1
q j(A) q j(s))
=q+1− C
a−1
j=1
r(A) q j(A) J(r, q j)
=q+1− C
a−1
j=1
r(A) q j(4A) J(q j, q j).
We have made the substitution u=Ar, v=−As and have used the well
known relation J(r, k)=k(4) J(k, k) that holds for any non-trivial mul-
tiplicative character k on F. Note also that q(−1)=1. L
This lemma allows us to determine Lp(X).
Proposition 3.2. We have
LA, p(p−s)=D
p | p
(1−rp(A) qp(4A) J(qp, qp)(Np)−s). (7)
Proof. First of all, by plugging the result of Lemma 3.2 into (6) and
with the help of Lemma 3.1, (5), we get that
LA, p(X)=D
a−1
j=1
(1−r(A) q j(4A) J(q j, q j))1/f,
where f is the order of p mod a (i.e., Np=pf when p is a prime of K over
p) and the characters are defined on O/p 5 Fpf. By Lemma 3.1 again, we
see that (choosing q=qp)
r(A) q j(4A) J(q j, q j)=rpj (A) qpj (4A) J(qpj , qpj ),
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where pj=psj. This implies that for each prime pj over p, we get f times
the factor
(1−rpj (A) qpj (4A) J(qpj , qpj )).
The claim follows. L
The following two results are not necessary for our immediate goal, but
may be interesting in themselves.
Lemma 3.3. Let p be a prime above p ] a and f such that Np=pf. If f
is even, we have
J(qp, qp)=−pf/2.
Proof. If f is even, then −1 is a power of p in F ×a . This implies by
Lemma 3.1, (1), (2), that
J(qp, qp)=J(q
−1
p , q
−1
p )=J(qp, qp).
From this and (3) in the same lemma, it follows in turn that
J(qp, qp)2=pf; therefore the claim is proved up to a sign. That the sign is
correct is a consequence of pf/2 — −1 mod a and part (4) of the lemma. L
Corollary 3.1. Under the hypotheses of Lemma 3.3, we have
#JA(Fp)=(pf/2+1)r,
where r denotes the number of primes of K above p (such that fr=a−1).
Proof. This is a consequence of the fact that #JA(Fp)=LA, p(1), Pro-
position 3.2, and Lemma 3.3. Note that the character values rp(A) and
qp(4A) appearing in (7) are trivial here, since every element of Fp is a
square and an ath power in Fpf 5 O/p (f is even, and p – 1 mod a). L
3.3. The Hecke Character
We want to find the Hecke character gA whose L-series has the same
Euler factors LA, p as that of our curve CA. Let us clarify the relation
between the two L-series. By Theorem 4 in [8], there is some Hecke
character gA such that its L-series
L(gA, s)=D
p
(1−gA(p) Np−s)−1
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equals the L-series of JA (whose local factors are defined in terms of the
action of Frobenius on the invariant subspace under the inertia group of
the Tate module). Furthermore, L(CA, s)=L(JA, s), since both can be
defined in terms of the Galois action on the first étale cohomology groups,
and H1ét(CA) and H
1
ét(JA) are canonically isomorphic. Note also that both
definitions of L(JA, s) coincide since the Tate module TqJA is dual
to H1ét(JA×QQ, Zq). Since the conductor of gA is Galois-invariant, as we
will see below, we then also get that the local factors LA, p for primes p of
bad reduction are trivial: LA, p(p−s)=1. See Corollary 3.3 and the remark
following it for a statement what the bad primes are.
By Proposition 3.2, on prime ideals p not dividing 2aA, we must have
gA(p)=rp(A) qp(4A) J(qp, qp).
We have to check that this gA is a Hecke character.
As a first step, we define a function g on the prime ideals of O by
g((l))=0 and g(p)=J(qp, qp) for p prime to a. We extend g multiplicati-
vely to all ideals prime to a. It is known that g defines a Hecke character of
infinity type
h=C
g
j=1
s−1−j ,
see, for example, [7, Sect. 1.4]. If we set for a ¥ O (prime to a)
g(a)=g((a)), then we can write
g(a)=gf(a) g.(a),
where g.(a)=ah and gf(a) is a root of unity [loc. cit.].
Lemma 3.4. g is a Größencharakter of conductor l or l2.
Proof. We have to show that gf(a)=1 if a — 1 mod l2. But we always
have (for a prime to a) g(a) — 1 mod l2 by Lemma 3.1, (4). If a — 1 mod l2,
we also have g.(a) — 1 mod l2 and hence gf(a) — 1 mod l2. Since gf(a) is a
root of unity and since all roots of unity in K are distinct mod l2, it follows
that gf(a)=1 as claimed. So g is a Größencharakter mod l2, and it is clear
that it cannot be defined mod 1, whence the conductor of g is l or l2. L
This implies the following.
Corollary 3.2. Let A be a non-zero integer not divisible by a. Then gA
is a Größencharakter of K.
We have
gA(a)=gA, f(a) g.(a)=eA(a) g(a),
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where
eA(a)=1A
a
2
2
14A
a
2a−1
a
and gA, f(a)=eA(a) gf(a).
Since a Größencharakter is uniquely determined by its values on almost
all prime ideals, gA is the Größencharakter corresponding to JA. This
generalises the well-known result for elliptic curves y2=x3+A, compare
for example [5, Theorem 18.4].
We want to find the conductor of gA.
Let ea=1 if a — 1 mod 4 and ea=i for a — 3 mod 4 (so that the Gauss
sum g(rFa )=ea `a).
Lemma 3.5. zh=zqa(4) and lh=−zqa(2)ea `a.
Proof. The first claim amounts to showing that
− C
g
j=1
j−1 — qa(4) — 2 qa(2)=2
2a−1−1
a mod a.
Since ja−1 — 1 mod a, the left hand side can be replaced with
− C
g
j=1
ja−2=−
Ba−1(g+1)−Ba−1
a−1 ,
where Ba−1(x) is the (a−1)st Bernoulli polynomial and Ba−1 is the (a−1)st
Bernoulli number. Since (by well known properties of Bernoulli numbers and
binomial coefficients) all the coefficients of Ba−1(x)−Ba−1 are a-integral, we
can replace g+1 with 12 when computing mod a and get that the left hand
side equals Ba−1(
1
2)−Ba−1 mod a. Now Ba−1(12)=(2−(a−2)−1) Ba−1 (see, for
example, [3, Exercise 9.17]), therefore we get now
(2−(a−2)−2) Ba−1 — −2(2a−1−1) Ba−1 — 2
2a−1−1
a mod a.
The last simplification comes from the Clausen–von-Staudt congruence
(e.g., [3, Exercise 6.54]). This proves the first part. (Another proof can be
obtained by expanding (1+1)a.)
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For the second formula, note that |lh|=`a, since (1+s−1) h is the norm
element in Z[G]. Therefore, we have only to determine the argument of lh
as a complex number. We have
ls2h=D
g
j=1
(1−z−2j
−1
)=zh D
g
j=1
(z j
−1
−z−j
−1
)
=(f) zh(−1)ca D
g
j=1
(z j−z−j)=(ff) −z2qa(2)(−i)g`a.
Here, ca is the number of j ¥ {1, 2, ..., g} such that the inverse of j mod a is
in {g+1, ..., 2g}. This explains (f). For (ff), note that z j−z−j=
2i sin(2pj/a), and the sine is positive. Furthermore, ca and g have opposite
parity. This follows by observing that
−1 — (a−1)! — (−1)g (g!)2 mod a
on the one hand, and that
1 — g! (g!)−1 — (−1)ca (g!)2 mod a
on the other hand. Note that (−i)g`a=(2a)`ag=`ag
s2
(where ag=(−1a )a
and `ag=ea `a ¥K). Applying s−12 to the equation obtained above, we
finally have
lh=−zqa(2)ea `a,
as claimed. L
Recall that ql2 is the character on O of conductor l2 such that ql2(a) a is
primary if l h a, and that rl is the quadratic character mod l.
Lemma 3.6. We have gf=rlq
qa(4)
l
2 .
Proof. Let n ¥ Z be an integer prime to a. Then g.(n)=n(a−1)/2, so
gf(n) — n−(a−1)/2 — (na)=rl(n) mod l
2. Hence gf(n)=rl(n).
Define q=gfr
−1
l ; this character is trivial on the primary elements and
defined mod l2, hence it has order dividing a. Such a character is uniquely
specified by its value on z. Here we have q(z)=gf(z) (since rl(z)=1),
which is z−h=z−qa(4) by Lemma 3.5. Since ql2(z)=z−1, the claim
follows. L
With this information, we can now find the conductor of gA.
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Proposition 3.3. Let A be a 2ath power free integer not divisible by a.
Write A=2eB with B odd. Then the conductor of gA is fA=2f2lfa <p | B p.
Here,
f2=˛0 if e=2a−2 and B — 1 mod 4,1 if e < 2a−2 and is even and B — 1 mod 4,
2 if e is even and B — −1 mod 4,
3 if e is odd.
and
fa=˛1 if a | qa(A),2 otherwise.
Proof. We rewrite gA, f(a) using the relations in Proposition 3.1 and
Lemma 3.6. Let r8(a)=(
2
a)2=(
2
N a) and r4(a)=(
−1
a )2=(
−1
N a). These are
characters of order 2 and conductors 8 and 4, respectively. We have
gA, f(a)=1A
a
2
2
14A
a
2a−1
a
gf(a)
=1 2
N a
2e 1 B
N a
214A
a
2a−1
a
rl(a) q
qa(4)
l
2 (a)
=r8(a)e r4(a) (B−1)/2 1N aB 21ql2(a)4A 2a−1a 1 a4A2
a−1
a
rl(a) q
qa(4)
l
2 (a)
=(re8r
(B−1)/2
4 q
e+2
2 )(a)(q
−qa(A)
l
2 rl)(a) 1 aB22 1 aB2
a−1
a
.
The conductor of the first part is 2f2, as is easily seen. Similarly, the con-
ductor of the second part is lfa, and the conductor of the remaining part is
obviously <p | B p. Since these conductors are pairwise relatively prime, the
proposition follows. L
By the general theory of Hecke L-series, this gives us the following result.
Theorem 3.1. Let A be a 2ath power free integer not divisible by a. Let
NA=2(a−1) f2(A)afa(A)+a−2 D
2 ] p | A
pa−1,
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using the notations of Proposition 3.3. Define
L(CA, s)=N
s/2
A (2p)
−gs C(s)g L(CA, s).
Then L(CA, s) extends to an entire function and satisfies a functional equa-
tion
L(CA, 2−s)=W(A) L(CA, s),
whereW(A)=±1.
Proof. By [9, VII (8.6)], we have NA=N(fA) |dK |, and since the
discriminant of K is dK=± aa−2, the formula for NA follows from Proposi-
tion 3.3. Furthermore, g¯A and gA are (Galois-)conjugate and hence have the
same L-series. That we have 2−s where [9] has 1−s is because our
character is not unitary.
See also Milne [8, Remark 2, p. 188]. L
Corollary 3.3. Under the hypotheses of Theorem 3.1, the primes of bad
reduction for JA are precisely the prime divisors of NA, namely the odd primes
dividing aA and also the prime 2, unless A=22a−2B with B — 1 mod 4.
Proof. See Shimura [11, Theorem 20.9]. L
We remark that when A=22a−2B with B — 1 mod 4 (which is the case if
and only if NA is odd), the curve CA is isomorphic to the curve given by the
affine equation
y2+y=xa+(B−1)/4,
which is easily seen to have good reduction at p=2. Since CA obviously
has good reduction at all primes not dividing 2aA, this shows that CA has
bad reduction if and only if JA has bad reduction. Note that this is not
always the case—there are curves having bad reduction at some prime, but
with Jacobian having good reduction at the same prime.
3.4. The Root Number
In this subsection, we proceed to find a formula for the root
numberW(A).
We define
nA=2f2(A) D
2 ] p | A
p,
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so that NA=afa(A)+a−2NnA=afa(A)+a−2na−1A . Then (after some minor simpli-
fications) formula (8.6) in [9, VII] reads
W(A)=i−g 1 lh
`a
2fa(A)+a−2 y(gA, f)
ngA `a
fa(A)
, (8)
where y(q) is the Gauss sum of the character q with conductor n,
y(q)= C
x ¥ O/(n)
q(x) e2pi Tr(x/nl
a−2).
If we have two characters q1, q2 with relatively prime conductors n1, n2, we
see easily that
y(q1q2)=q1(n2) q2(n1) y(q1) y(q2). (9)
To find the root number, it therefore suffices to compute the Gauss sums
of the a-part and the remaining (prime-to-a) part, which we denote gA, a and
gA, + , respectively.
Lemma 3.7. If fa(A)=1, we have y(gA, a)=ea `a. If fa(A)=2, we have
y(gA, a)=(qa(A)/a)a.
Proof. The first statement is clear, since in this case gA, a=ra, which is
simply the quadratic character of Fa, whose Gauss sum is classical.
For the second statement, note first that from the proof of Proposi-
tion 3.3, we have gA, a=rlq
−qa(A)
l
2 , where now a h qa(A). We note that
Tr l−(a−1) ¥ a−1+Z and Tr l−a ¥ Z. If we parametrise (O/l2O) × in the form
uzv with u ¥ (Z/aZ) × and v ¥ Z/aZ, then exp(2pi Tr(uzv/la))=z−uv. If we
also recall that ql2(z)=z−1, we get
y(rlq
−qa(A)
l
2 )=C
u
1u
a
2 C
v
z (qa(A)−u) v=1qa(A)a 2 a,
and the lemma is proved. L
We define e(A) by y(gA, a)=e(A)`a
fa(A)
. This means e(A)=ea if
a | qa(A), and e(A)=(qa(A)/a) otherwise.
Lemma 3.8. We have
y(gA, + )=zqa(4A)n
g
A.
Proof. We let K+=Q(z+z−1) denote the maximal real subfield of K.
Write D=z−z−1; then D2 ¥K+, and K=K+(D) is a quadratic extension.
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We have gA, + (a)=(
A
N a)(
a
4A)
−1
a , and we claim that this is trivial on K+.
Indeed, the first factor is trivial since the norm of an element in the subfield
is a square, and the second factor is trivial since it is a real ath root of
unity.
Now Theorem 3 in Fröhlich and Queyrut [2], together with formula (9)
implies that
y(gA, + )=gA, + (DnAla−2) n
g
A.
We evaluate the various parts in turn. First, we have
gA, + (D)=1Aa 21 D4A2−1a =1Aa 2 ,
since N D=a and D¯=(−1)a D (implying that the ath power residue symbol
is real, hence trivial). Second,
gA, + (nA)=1
by Proposition 3.1 (2). Third, by Proposition 3.1 (5), we have
gA, + (la−2)=1Aa 2a−2 z (2− a) qa(4A)(a+1)/2=1Aa 2 zqa(4A).
Collecting these results, we obtain the formula of the lemma. L
The complete Gauss sum now comes out as
y(gA, f)=gA, a(nA) gA, + (l)fa(A) y(gA, a) y(gA, + )
=1nAa 21Aa 2fa(A) z−fa(A) qa(4A)(a+1)/2e(A) zqa(4A) · ngA `afa(A).
We have two cases to consider. Assume first that a | qa(A). Then
fa(A)=1 and so (using Lemma 3.5)
1 lh
`a
2fa(A)+a−2=z−qa(2)ea−1a .
The expression for the signW(A) simplifies to
W(A)=i−geaa 1AnAa 2=12AnAa 2 .
(Note that i−geaa=(
2
a) and that qa(4A)=2qa(2)+qa(A) — 2qa(2) mod a.)
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Now assume that a h qa(A). Then fa(A)=2, and therefore
1 lh
`a
2fa(A)+a−2=−eaa.
The final expression becomes
W(A)=−i−geaae(A) 1nAa 2=−12qa(A) nAa 2 .
We have proved:
Theorem 3.2. The root numberW(A) for the L-series of the curve
y2=xa+A
over Q, where A is a 2ath power free integer not divisible by a, is given by
W(A)=da(A) 12AnAa 2=˛12AnAa 2 if a | qa(A),
−12qa(A) nAa 2 if a h qa(A).
Here qa(A)=(Aa−1−1)/a and nA=2f2(A)<2 ] p | A p with f2 given by the
formula in Proposition 3.3.
4. VERIFICATION OF THE PARITY ASSERTION IN THE
BIRCH AND SWINNERTON–DYER CONJECTURE
We can draw from Theorem 2.1 the following information on the parity
of the Mordell–Weil rank of JA(Q).
Corollary 4.1. Let A satisfy the assumptions of Theorem 2.1. Assume
that the a-part of I(K, JA), the Shafarevich–Tate group of JA over K, is
finite. Let r(A) denote the Mordell–Weil rank of JA(Q); then we have
(−1) r(A)=da(A) 12 sign Aa 2=˛12 sign Aa 2 if a | qa(A),
−12Aqa(A) sign Aa 2 if a h qa(A).
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Proof. We claim that JA(Q) contains no a-torsion. Otherwise, there
would be (1−za)-torsion in JA(K). This would imply that the generator
[(0,`A)−.] of JA[1−za] is K-rational, so A would have to be a square
in K. But then A must be a square in Q or divisible by a, neither of which is
the case.
The arguments in [12, Sect. 8] now show that
rank JA(Q)=dimFa Sel
(l)(K, JA)−dimFa I(K, JA)[l].
If we assume that the a-part of I(K, JA) is finite, then it follows that the
last dimension above is even (since CA has a rational point (at infinity),
compare Poonen and Stoll [10]). Therefore by Theorem 2.1
(−1) r(A)=(−1)da(A)=(−1) K(a−1)/4L 1 sign Aa 2 da(A).
Since (−1) K(a−1)/4L=(2a), the claim follows. L
In order to compare this with the root number, we have to evaluate
(nA/a) for the A considered here.
Lemma 4.1. If A satisfies the assumptions in Theorem 2.1, then
1nA
a
2=1 |A|a 2=1A sign Aa 2 .
Proof. Write A=sign A·2e ·<2 ] p | A pep=2eB. Then nA=2f2(A)<p|B p.
We proceed one prime at a time.
We consider 2 first. If e is odd, then f2(A)=3, and (2e/a)=(2f2(A)/a). If
e is even and B — 3 mod 4, then f2(A)=2, and again (2e/a)=(2f2(A)/a). If
e is even and B — 1 mod 4, then by condition (1) in Theorem 2.1 either
e=2a−2, in which case f2(A)=0, which is fine, or else 2 must have odd
order in F ×a , which implies that (2/a)=1, so that the exponents do not
matter.
Now consider an odd prime p | A. Then either ep is odd, in which case we
obviously have (pep/a)=(p/a). Or ep is even, then by condition (2) in
Theorem 2.1 p must have odd order in F ×a , so p is a square mod a, and
both sides of the equation above are 1.
This proves the first equality. The second equality is obvious. L
Putting everything together, we now get the following result.
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Theorem 4.1. Let A be an integer satisfying the assumptions in
Theorem 2.1 and suppose that the a-part of I(K, JA) (or, equivalently, that
of I(Q, JA)) is finite. Then the Mordell–Weil rank of JA(Q) and the order
of vanishing of the L-series L(JA, s) at s=1 have the same parity.
Proof. This follows from Corollary 4.1 and Lemma 4.1 together with
the formula for the signW(A) in Theorem 3.2. L
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